Abstract. In the algebraic formulation the thermodynamic pressure, or free energy, of a spin system is a convex continuous function P defined on a Banach space ~3 of translationally invariant interactions. We prove that each tangent functional to the graph of P defines a set of translationally invariant thermodynamic expectation values, l~Iore precisely each tangent functional defines a translationally invariant state over a suitably chosen algebra 92 of observables, i. e., an equilibrium state. Properties of the set of equilibrium states are analysed and it is shown that they form a dense set in the set of all invariant states over 9A. With suitable restrictions on the interactions, each equilibrium state is invariant under time-translations and satisfies the Kubo-Martin-Sehwinger boundary condition. Finally we demonstrate that the mean entropy is invariant under timetranslations.
Introduction
The purpose of this paper is to continue the general analysis of quant u m spin systems which was presented in [1, 2] and [3] . I n [2] we gave a n algebraic formulation of the m a t h e m a t i c a l framework of q u a n t u m spin systems and showed t h a t the t h e r m o d y n a m i c pressure, or free energy, P could be considered as a convex continuous function defined on a Banach space of translationally invariant interactions. F u r t h e r it was shown t h a t the pressure also served as a generating functional of equilibrium states in the sense t h a t the functional derivatives, i.e., the t a n g e n t functionals to the graph of P, determined translationalty inv a r i a n t states over a suitably chosen C* algebra ~ of observables. The states introduced in this m a n n e r p l a y the same role as the more conv e n t i o n a l l y used correlation functions or t h e r m o d y n a m i c expectation values. The results of [2] were, however, incomplete in the sense t h a t we could only rigorously establish t h a t P generated equilibrium states under certain restrictive conditions. I n p a r t i c u l a r it was shown t h a t if the interaction ~b were such t h a t the t a n g e n t functional to the graph of P at q) was unique then this tangent functional determined an equilibrium state. I t was further shown t h a t the equilibrinm states obtained under such conditions described pure t h e r m o d y n a m i c phases. This l a t t e r result was derived by establishing and using a variational principle for the pressure which involves the mean entropy introduced in [1] . In the following we complete the results of [2] by proving that each tangent functional to the graph of P determines an equilibrium state, thus covering the situation when mixtures of phases can occur. Further we establish a variational principle for the mean entropy which involves the pressure and also show that every translationally invariant state over 92 can be approximated by physical equilibrium states. Next we extend the results of [3] by pro~4ug that if the interactions are such that time translations correspond to a one-parameter group of automorphisms of 92 then the corresponding equilibrium states are invariant under such translations and satisfy the Kubo-Martin-Sehwinger boundary condition. Finally, we demonstrate that the mean entropy is invariant under timetranslations.
I t should perhaps be pointed out that whilst we work in an essentially quantum mechanical setting the results we derive also have relevance for classical spin systems and lattice gases. In fact the analysis of [1, 2] was based on earlier works [4, 5, 6 ] in a classical framework; many of our present results can be directly transcribed to this framework.
Convexity Theorems
The aim of this Section is to derive two mathematical theorems concerning the tangent planes to the graph of a convex function; the physical application of these results will be dealt with in the following Section.
Lemma 1 
